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A SHORT PROOF OF MONOTONICITY FORMULA FOR
CURVE SHORTENING FLOW IN 3D
HAYK MIKAYELYAN
Abstract. We give a rather elementary proof of a Huisken-type monotonicity
formula for curve shortening flow in 3D.
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We consider a closed curve in R3 moving by its curvature
∂tu = Hν,
where u : [0, T )× S1 → R3 is the curve parametrization,
H =
|u′′ × u′|
|u′|3
is the curvature and
ν =
u′ × (u′′ × u′)
|u′||u′′ × u′|
is the normal vector.
Note that in this form we fix a certain parametrization which has no component
tangential to the normal ν. For a general parametrization we will get
(1) ∂tu · ν = H
and
∂tu · γ = 0
where γ = u
′′×u′
|u′′×u′| is the unit binormal vector.
Assume the first singularity appears at point 0 after finite time T . We rescale
the parametrization in the following way
τ = − log(T − t),v(τ, x) = (T − t)−
1
2u(t, x)
and arrive at
(2) ∂τv(τ, x) =
1
2
v +
v′ × (v′′ × v′)
|v′|4
.
In the paper we prove the following theorem.
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Theorem. The solutions of (2) satisfy the following relation
(3)
d
dτ
∫
S1
e−
1
4
|v|2|v′|dx =
−
1
4
∫
S1
|v · γ|2e−
1
4
|v|2|v′|dx−
∫
S1
|∂τv · ν|
2e−
1
4
|v|2 |v′|dx,
where ν is the unit normal vector and γ the unit binormal vector.
This formula is the 3D codimension-2 analogue of the famous Huisken’s formula
(see [1]). The proof is based on ideas introduced by Zelenjak (see [3]) for parabolic
boundary value problems and adapted by the author in 2D curve shortening context
in [2].
Corollary 1. Stationary solutions of (2) are plane curves.
Corollary 2. Let us set
E(τ) =
∫
S1
e−
1
4
|v|2 |v′|dx and Π(τ) =
1
4
∫
S1
|v · γ|2e−
1
4
|v|2|v′|dx.
Then
Π(τ) ≤ −E′(τ).
Proof of the Theorem.
For the system (2) let us try to obtain a monotonicity formula of the form
(4)
d
dτ
∫
S1
F (v1, v2, v3, v
′
1, v
′
2, v
′
3)dx ≤ −
∫
S1
|∂τv · ν|
2ρ(v1, v2, v3, v
′
1, v
′
2, v
′
3)dx,
where ρ is positive.
Differentiating the left hand side of (4) and integrating by parts we get
∂τv1
[
∂F
∂ξ1
−
∂2F
∂ξ1∂η1
v′1 −
∂2F
∂ξ2∂η1
v′2 −
∂2F
∂ξ3∂η1
v′3−
∂2F
∂η2
1
v′′1 −
∂2F
∂η1∂η2
v′′2 −
∂2F
∂η1∂η3
v′′3
]
+
(5)
∂τv2
[
∂F
∂ξ2
−
∂2F
∂ξ1∂η2
v′1 −
∂2F
∂ξ2∂η2
v′2 −
∂2F
∂ξ3∂η2
v′3−
∂2F
∂η1∂η2
v′′1 −
∂2F
∂η2
2
v′′2 −
∂2F
∂η2∂η3
v′′3
]
+
(6)
∂τv3
[
∂F
∂ξ3
−
∂2F
∂ξ1∂η3
v′1 −
∂2F
∂ξ2∂η3
v′2 −
∂2F
∂ξ3∂η3
v′3−
∂2F
∂η1∂η3
v′′1 −
∂2F
∂η2∂η3
v′′2 −
∂2F
∂η2
3
v′′3
]
.
(7)
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In the right hand side of (4) using (2) we obtain
|∂τv · ν|
2 =



 ∂τv1∂τv2
∂τv3

 · ν

[(1
2
v +
v′ × (v′′ × v′)
|v′|4
)
· ν
]
=(8)



 ∂τv1∂τv2
∂τv3

 · ν

[1
2
v · ν
]
+



 ∂τv1∂τv2
∂τv3

 · ν

[v′ × (v′′ × v′)
|v′|4
· ν
]
=(9)



 ∂τv1∂τv2
∂τv3

 · ν

[1
2
v · ν
]
+



 ∂τv1∂τv2
∂τv3

 · v′ × (v′′ × v′)
|v′|4

.(10)
Observe that
v′ × (v′′ × v′)
|v′|4
=
1
|v′|4

 v
′′
1 (v
′2
2 + v
′2
3)− v
′′
2 v
′
1v
′
2 − v
′′
3 v
′
1v
′
3
−v′′1 v
′
1v
′
2 + v
′′
2 (v
′2
1 + v
′2
3)− v
′′
3v
′
2v
′
3
−v′′1 v
′
1v
′
3 − v
′′
2 v
′
2v
′
3 + v
′′
3 (v
′2
2 + v
′2
3)


We require that
(11)
D2ηF (ξ, η) =
ρ(ξ, η)
|η|4

 (η
2
2 + η
2
3) −η1η2 −η1η3
−η1η2 (η
2
1 + η
2
3) −η2η3
−η1η3 −η2η3 (η
2
1 + η
2
2)

 = ρ(ξ, η)|η|−1D2|η|,
which means that the last three terms in (5), (6) and (7) will “take care” of the
second term in (10).
Setting ν = (ν1, ν2, ν3)
T we further require that the first term in (10) multiplied
by −ρ(ξ, η) be larger or equal than to the remaining terms in (5), (6) and (7).
−ρ(ξ, η)



 ∂τv1∂τv2
∂τv3

 · ν

[1
2
v · ν
]
= −
ρ
2
∂τv · [(v · ν)ν] ≥(12)
∂τv1
[
∂F
∂ξ1
−
∂2F
∂ξ1∂η1
v′1 −
∂2F
∂ξ2∂η1
v′2 −
∂2F
∂ξ3∂η1
v′3
]
+(13)
∂τv2
[
∂F
∂ξ2
−
∂2F
∂ξ1∂η2
v′1 −
∂2F
∂ξ2∂η2
v′2 −
∂2F
∂ξ3∂η2
v′3
]
+(14)
∂τv3
[
∂F
∂ξ3
−
∂2F
∂ξ1∂η3
v′1 −
∂2F
∂ξ2∂η3
v′2 −
∂2F
∂ξ3∂η3
v′3
]
.(15)
Now let us observe that the functions
F (ξ, η) = ρ(ξ, η) = |η|e−
|ξ|2
4
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satisfy (11) and inequality (12). (11) is obvious and to see that (12) is satisfied we
compute 

∂F
∂ξ1
− ∂
2F
∂ξ1∂η1
η1 −
∂2F
∂ξ2∂η1
η2 −
∂2F
∂ξ3∂η1
η3
∂F
∂ξ2
− ∂
2F
∂ξ1∂η2
η1 −
∂2F
∂ξ2∂η2
η2 −
∂2F
∂ξ3∂η2
η3
∂F
∂ξ3
− ∂
2F
∂ξ1∂η3
η1 −
∂2F
∂ξ2∂η3
η2 −
∂2F
∂ξ3∂η3
η3

 =(16)
−
1
2
e
|ξ|2
4
[
|η|ξ −
ξ · η
|η|
η
]
= −
ρ
2
[
ξ −
ξ · η
|η|2
η
]
(17)
We need to check that
−
ρ
2
∂τv · [(v · ν)ν] = −
ρ
2
[
1
2
ξ +Hν
]
· [(ξ · ν)ν]) =(18)
−
ρ
4
|ξ · ν|2 −
Hρ
2
ξ · ν ≥(19)
−
ρ
2
[
1
2
ξ +Hν
]
·
[
ξ −
ξ · η
|η|2
η
]
= −
ρ
4
|ξ|2 +
ρ
4
|ξ · η|2
|η|2
−
Hρ
2
ξ · ν.(20)
The result follows from mutual orthogonality of ν, η and γ, and the equality
|ξ|2 = |ξ · ν|2 +
|ξ · η|2
|η|2
+ |ξ · γ|2.
Remark. In the proof we use the compactness of the curve only when doing
partial integration to obtain (5)-(7). For a non-compact curve parametrized by
x ∈ (−∞,∞) all the calculations will work provided the integrals are finite and
lim
x→±∞
∂ηjF (v,v
′)∂τvj = 0
for j = 1, 2, 3.
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